Ultralight scalar fields around spinning black holes can trigger superradiant instabilities, forming a longlived bosonic condensate outside the horizon. We use numerical solutions of the perturbed field equations and astrophysical models of massive and stellar-mass black hole populations to compute, for the first time, the stochastic gravitational-wave background from these sources. In optimistic scenarios the background is observable by Advanced LIGO and LISA for field masses ms in the range ∼ [2 × 10 −13 , 10 [20, 29, [35] [36] [37] [38] [39] : the BH spins down, transferring energy and angular momentum to a mostly dipolar boson condensate until ω R ∼ mΩ H . The energy scale is set by the boson mass m s ≡ µ , which implies that ω R ∼ µ and that the instability saturates at µ ∼ mΩ H (in units G = c = 1). The condensate is then dissipated through the emission of mostly quadrupolar GWs, with frequency set by µ. The mechanism is most effective when the boson's Compton wavelength is comparable to the BH's gravitational radius: detailed calculations show that the maximum instability rate for scalar fields corresponds to M µ 0.42 [23] . Therefore, the instability window corresponds to masses m s ∼ 10 −14 -10 −10 eV and m s ∼ 10 −19 -10 −15 eV for LIGO and LISA
Ultralight scalar fields around spinning black holes can trigger superradiant instabilities, forming a longlived bosonic condensate outside the horizon. We use numerical solutions of the perturbed field equations and astrophysical models of massive and stellar-mass black hole populations to compute, for the first time, the stochastic gravitational-wave background from these sources. In optimistic scenarios the background is observable by Advanced LIGO and LISA for field masses ms in the range ∼ [2 × 10 −13 , 10 Introduction. The historical LIGO gravitational wave (GW) detections [1] [2] [3] provide the strongest evidence to date that astrophysical black holes (BHs) exist and merge [4] [5] [6] . Besides probing the nature of compact objects and testing general relativity [7] [8] [9] [10] , LIGO [11] and the space-based detector LISA [12] may revolutionize our understanding of particle physics and dark matter. Ultralight bosons, which could be a significant component of dark matter [13] [14] [15] [16] , interact very weakly (if at all) with baryonic matter, but the equivalence principle implies that their gravitational interaction should be universal. Low-energy bosons near spinning BHs can trigger a superradiant instability whenever the boson frequency ω R satisfies the superradiant condition 0 < ω R < mΩ H , where Ω H is the horizon angular velocity and m is an azimuthal quantum number, with possible astrophysical implications [17] [18] [19] [20] . Despite extensive work on massive spin-0 [18, [21] [22] [23] , spin-1 [24] [25] [26] [27] [28] [29] and spin-2 fields [30] , the evolution and the end-state of the instability are not fully understood [31] [32] [33] [34] . Recent numerical simulations [28] support the conclusions of perturbative studies [20, 29, [35] [36] [37] [38] [39] : the BH spins down, transferring energy and angular momentum to a mostly dipolar boson condensate until ω R ∼ mΩ H . The energy scale is set by the boson mass m s ≡ µ , which implies that ω R ∼ µ and that the instability saturates at µ ∼ mΩ H (in units G = c = 1). The condensate is then dissipated through the emission of mostly quadrupolar GWs, with frequency set by µ. The mechanism is most effective when the boson's Compton wavelength is comparable to the BH's gravitational radius: detailed calculations show that the maximum instability rate for scalar fields corresponds to M µ 0.42 [23] . Therefore, the instability window corresponds to masses m s ∼ 10 −14 -10 −10 eV and m s ∼ 10 −19 -10 −15 eV for LIGO and LISA BH-boson condensate sources, respectively [20] . In this work and in a companion paper [40] we argue that GW detectors can discover new particles beyond the Standard Model or impose constraints on their masses. GWs from scalar condensates around BHs. The instability occurs in two stages [36] . In the first (linear) phase the condensate grows on a timescale τ inst ∼ M −8 µ −9 until the superradiant condition is nearly saturated. In the second (nonlinear) phase GW emission governs the evolution of the condensate, which is dissipated over a timescale τ GW that depends on its mass M S and on the GW emission rate. These two timescales can be computed analytically when M µ 1 [40] . For small dimensionless BH spins χ ≡ J/M 2 1, they read
These relations (valid for any BH mass) are a good approximation even when M µ and χ are ∼ 1 [40] . Since τ GW τ inst M , the condensate has enough time to grow, and the evolution of the system can be studied in a quasi-adiabatic approximation [36] using Teukolsky's formalism [41, 42] . The field's stress-energy tensor is typically small, thus its backreaction is negligible [28, 36] .
Over the emission timescale (which in most cases is much longer that the observation time T obs ), the GWs are nearly monochromatic, with frequency f s = ω R /π ∼ µ/π. As such, BH-boson condensates are continuous sources, like pulsars for LIGO or verification binaries for LISA. We conservatively assume that GWs are produced after saturation of the instability, which leads the BH from an initial state (M i , J i ) to a final state (M, J), and we thus compute the root-meansquare strain amplitude h using the final BH parameters. By averaging over source and detector orientations we get
where r is the (comoving) distance to the source, the masses are in the source frame, and the dimensionless function A(χ, f s M ) is computed from BH perturbation theory [40, 42] . Our results are more accurate than the analytic approximations of [35, 36] . It can be shown that M S scales linearly with J i [40] , so h also grows with J i . For LISA, we also take into account correction factors due to the detector geometry [43] . In the detector frame, Eq. (3) still holds if the masses M and M S are multiplied by (1 + z), r is replaced by the luminosity distance, and the frequency is replaced by the detector-frame frequency f = f s /(1 + z). Nevertheless, one needs to use detector-frame frequencies when comparing to the detector sensitivity.
In semicoherent searches of monochromatic sources, the signal is divided in N coherent segments of time length T coh , and we have h thr 25N −1/4 S h (f )/T coh , where h thr is the minimum root-mean-square strain amplitude detectable over the observation time N × T coh [44] , and S h (f ) is the noise power spectral density (PSD) at f [45] .
In Fig. 1 we compare the GW strain of Eq. (3) with the PSDs of LISA and Advanced LIGO at design sensitivity. The GW strain increases almost vertically as a function of ω R µ in the superradiant range (0, Ω H ). Thin solid curves correspond to the stochastic background from the whole BH population, for a boson mass m s . This background produces itself a "confusion noise" when m s ≈ [10 −18 , 10 −16 ] eV, complicating the detection of individual sources. Figure 1 suggests that bosons with masses 10 −19 eV m s 10 −11 eV (with a small gap around m s ∼ 10 −14 eV, which might be filled by DECIGO [46] ) could be detectable by LIGO and LISA. Below we quantify this expectation. BH population models. Assessing the detectability of these signals requires astrophysical models for BH populations. For LISA sources, the main uncertainties concern the mass and spin distribution of isolated BHs, the model for their highredshift seeds, and their accretion and merger history. We adopt the same populations of [48, 49] , which were based on the semianalytic galaxy formation calculations of [50] (see also [51] [52] [53] ). In our optimistic model, we use these calculations to infer the redshift-dependent BH number density d 2 n/(d log 10 M dχ). The spin distribution is skewed toward χ i ∼ 1, at least at low masses [51] . We also adopt less optimistic and pessimistic models with mass function given by Eqs. (5) and (6) of [49] for z < 3 and 10 4 M < M < 10 7 M , whereas for M > 10 7 M we use a mass distribution with normalization 10 and 100 times lower than the optimistic one. In both the less optimistic and pessimistic models we assume a uniform spin distribution in the range χ i ∈ [0, 1].
GW strain produced by BH-boson condensates compared to the Advanced LIGO PSD at design sensitivity [47] and to the non-sky averaged LISA PSD [12] (black thick curves), assuming a coherent observation time of T obs = 4 yr in both cases. Nearly vertical lines represent BHs with initial spin χi = 0.9. Each line corresponds to a single source at redshift z ∈ (0.001, 3.001) (from right to left, in steps of δz = 0.2), and different colors correspond to different boson masses ms. Thin lines show the stochastic background produced by the whole population of astrophysical BHs under optimistic assumptions (cf. main text for details). The PSD of DECIGO [46] (dashed line) is also shown for reference.
The LIGO stochastic GW background comes mostly from extra-galactic stellar-mass BHs, which were ignored in previous work [37] . Here we model these sources using the semianalytic galaxy evolution model of [54] . The BH formation rate as a function of mass and redshift reads
where τ (M ) is the lifetime of a star of mass M , φ(M ) is the stellar initial mass function, ψ(t) is the cosmic star formation rate (SFR) density and δ is the Dirac delta. We fit the cosmic SFR as described in [55] and calibrate it to observations of luminous galaxies [56, 57] . We assume a Salpeter initial mass function φ(M ) ∝ M −2.35 [58] in the range M ∈ [0.1 − 100] M , and take stellar lifetimes from [59] . We also follow the production of metals by stars [60] and the resulting enrichment of the interstellar medium, which affects the metallicity of subsequent stellar generations. The function g(M ) relates the initial stellar mass M and the BH mass M , and encodes the BH formation process. In general, the mass of the BH formed from a star with initial mass M depends on the stellar metallicity [61] and rotational velocity [62] , as well as interactions with its companion if the star belongs to a binary system. We assume that all stellar-mass BHs are produced from isolated massive stars after core collapse, and calculate the BH mass for a given M and metallicity using the analytic fits for the "delayed" model of [63] . Through the metallicity, the function M = g(M ) is implicitly a function of redshift. Since this model does not predict the initial BH spins, we assume a uniform distribution and explore different ranges: [64] , computed using noise PSDs for LISA [12] , LIGO's first two observing runs (O1 and O2), and LIGO at design sensitivity (O5) [65] . By definition, ρ stoch > 1 (ρ stoch = 1) when a power-law spectrum intersects (is tangent to) a power-law integrated curve. Right panel: ρ stoch for the backgrounds shown in the left panel. We assumed T obs = 2 yr for LIGO and T obs = 4 yr for LISA.
The dominant contribution to LIGO resolvable signals comes from Galactic stellar-mass BHs [37] . We estimate their present-day mass function as
where the integration is over all cosmic times prior to the present epoch; N MW denotes the number of BHs in the Galaxy; SFR(z) is the SFR of Milky-Way type galaxies as a function of redshift [57, 66] ; dp/dM is the probability of forming a star with mass between M and M + dM (obtained from the Salpeter initial mass function); and dM/dM is given by the "delayed" model of [63] . This latter quantity is a function of redshift through the metallicity, whose redshift evolution we model following [67] . To obtain a (differential) BH number density dn MW /dM , we "spread" this mass function over the Galaxy, proportionally to the (present) stellar density. For the latter we assume a simple bulge+disk model, where the bulge is modeled via a Hernquist profile [68] with mass ∼ 2 × 10 10 M and scale radius ∼ 1 kpc [69] , and the disk has an exponential profile with mass ∼ 6 × 10 10 M and scale radius ∼ 2 kpc [70] . Stochastic background. The stochastic background produced by BH-boson condensates is given by an integral over unresolved sources -those with signal-to-noise ratio (SNR) ρ < 8 -of the formation rate density per comoving volumeṅ [71] :
where ρ c = 3H 2 0 /(8π) ≈ 1.3 × 10 11 M /Mpc 3 is the critical density of the Universe, dt/dz is the derivative of the lookback time t(z) with respect to z, dE s /df s is the energy spectrum in the source frame, and f is the detector-frame frequency. For LIGO we computeṅ by integrating Eqs. (4) and (5). For LISA we integrate d 2 n/(d log 10 M dχ) -as given by the aforementioned "optimistic", "less optimistic" and "pessimistic" models -with respect to mass and spin, and we assume thatṅ = n/t 0 , where t 0 ≈ 13.8 Gyr is the age of the Universe (i.e., each BH undergoes boson annihilation only once in its cosmic history). This assumption does not significantly affect our results, because subsequent annihilation signals (if they occur at all) are much weaker [40] .
For the spectrum of the GW signal we assume dE s /df s ≈ E GW δ(f (1 + z) − f s ), where E GW is the total energy radiated in GWs over the signal duration ∆t, and the Dirac delta is "spread out" over a frequency window of width ∼ max[1/(∆t(1 + z)), 1/T obs ] to account for the finite signal duration and observation time. For LIGO we can safely neglect the effect of mergers [72, 73] and accretion [74] . For LISA, we conservatively assume that mergers and accretion cut the signal short, and thus define the signal duration as ∆t = min (τ GW /(N m + 1), t S , t 0 ) , where τ GW is given by Eq. (2); t S = 4.5×10 8 yr η/[f Edd (1 − η)] is the typical accretion "Salpeter" timescale, which depends on the Eddington ratio f Edd and on the spin-dependent radiative efficiency η;
... denotes an average weighted by the Eddington-ratio probability distribution; and N m is the average number of mergers in the interval
. Moreover, since our calculation assumes that the instability saturates before GW emission takes place, our stochastic background calculation only includes BHs for which the expected number of mergers during the instability timescale is N m < 1, and for which τ inst < ∆t (thus ensuring that the instability timescale is shorter than the typical accretion and merger timescales).
The SNR for the stochastic background is [64] 
where
for LIGO [75] and LISA [76] , respectively. In the LIGO case we assume the same S h for the Livingston and Hanford detectors, and Γ IJ denotes their overlap reduction function [64] . The order of magnitude of the stochastic background shown in Fig. 2 (left panel) can be estimated by a simple back-of-theenvelope calculation. The average mass fraction of an isolated BH emitted by the boson cloud is f ax ∼ O(1%) [40] . Because the signal is almost monochromatic, the emitted GWs in the detector frame span about a decade in frequency, i.e. ∆ ln f ∼ 1 for both LISA and LIGO (cf. Fig. 2) . Thus, . For LIGO, the background of GWs from BH binaries can be approximated as Ω GW, bin ∼ f GW f m ρ BH /ρ c , where f GW ∼ O(1%) is the binary's mass fraction emitted in GWs [77] , and f m ∼ O(1%) [54] is the fraction of stellar-mass BHs in binaries that merge in less than t 0 . Therefore
2 . Since the O1 results imply peak background values Ω GW, bin ∼ 10 −9 − 10 −8 [65, 78] (or larger if spins are included), we obtain Ω LIGO GW, ax ∼ 10 −7 − 10 −6 . These estimates are in qualitative agreement with the left panel of Fig. 2 .
Remarkably, ρ stoch (right panel of −12 eV, the background would have SNR ≈ 1.2 using our simple analytic estimate of the LIGO O1 sensitivity, thus being only marginally allowed by current LIGO O1 upper limits [78] . Our conclusions should be validated by a careful data analysis of the stochastic background in LIGO O1 and O2. In particular, current upper limits on the stochastic background assume that the spectrum can be described by a power law in the LIGO range [78] , which is not the case for the backgrounds computed here. Resolvable sources. We estimate the number of resolvable events as [40] 
where dV c = 4πD 2 c dD c , D c is the comoving distance, anḋ n = n/t 0 for LISA. The dependence on T obs /(1 + z) + ∆t comes about because the probability that an observation of duration T obs and a signal of duration ∆t(1 + z) (in the detector frame) overlap is proportional to the sum of the two durations. In the limit ∆t(1+z) T obs we have N ∝ T obs , as usual for short-lived sources [79] . For ∆t(1 + z)
T obs , N becomes proportional to the duty cycle ∆t/t f , t f ≡ n/ṅ being the formation timescale of the boson condensates. This duty cycle, akin e.g. to the duty cycle of active galactic nuclei, accounts for the fact that only a fraction of the sources are radiating during the observation time. Fig. 2 . Shaded areas correspond to exclusion regions from 4-year LISA massive BH spin measurements, using either the "popIII" (brown) or "Q3-nod" (light blue) models of [48] . For reference we also show with brackets the constraints that can be placed by spin measurements of massive/stellar-mass BHs [37, 80] . Figure 3 shows resolvable event rates assuming (conservatively) semicoherent searches for different astrophysical models. The SNR was computed by including the confusion noise from the stochastic background of unresolvable bosoncondensate sources: neglecting this contribution would overestimate LISA rates by more than one order of magnitude. Our models typically predict ∼ 40 (200) events in 121 × 250 hours of total observation time for the optimistic models and boson masses in the optimal range around m s ∼ 10 −17 eV (3 × 10 −13 eV) for LISA (LIGO). Rates in the less optimistic and pessimistic models decrease by factors of order unity. However, it is remarkable that a boson with m s ∼ 10 −17 eV (3 × 10 −13 eV) would produce around 5 (15) direct LISA (LIGO) detections even for pessimistic astrophysical models.
So far we focused on the direct detection of GWs from bosonic condensates. In [40] we use Bayesian model selection to show that LISA could infer the existence of light bosons indirectly: LISA measurements of massive BH spins could provide evidence for holes in the BH mass-spin "Regge plane" (i.e., for the absence of BHs spinning above the superradiant instability window) [35] . As indicated by the shaded areas in Fig. 3, a 4 [40] . Conclusions. Together, Earth-and space-based detectors will allow for multiband GW searches of ultralight bosons in the range [10 −19 − 10 −10 ] eV. We plan to improve estimates of the stochastic background for LIGO by using population synthesis models [6, 81, 82] . The potential of detectors like DE-CIGO or the Einstein Telescope to detect or rule out bosons of mass m s ∼ 10 −14 eV should also be investigated by using intermediate-mass BH formation models [46, 83] . Our analysis must be extended to spin-1 [24, 25] and spin-2 [30] fields, for which the instability time scales are shorter and GW amplitudes are larger. Our results also suggest that recent estimates of resolvable GWs from spin-1 instabilities [29] should be revised taking into account the stochastic background.
